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Abstract 
The transient drift diusion model describing the charge transport in semiconductors is con 
sidered Poissons equation which is usually used is replaced by Maxwells equations The
diusion  and mobility coecients and the dielectric and magnetic susceptibilities may depend
on the space variables Global existence and convergence to the thermal equilibrium is shown
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  Introduction
The subject of this paper are the transient drift diusion equations describing the charge trans 
port in semiconductors coupled with Maxwells equations
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Here 
 
 

denote the charge densities and j
 
 j

denote the current densities of the holes and
electrons respectively
The self consistent electromagnetic eld EH obeys Maxwells equations  
 and 
The unknown functions 
 
 
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EH depend on the time t  IR and space variable x  
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 
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D
represents the perfectly conducting Ohmic contacts and 
N
represents the insulating bound 
ary of the semiconductor device The mobilities 
 
 

of the holes and electrons resp are
assumed to be positive constants The diusion coecients D
 
D

and the recombination gen 
eration rate R are functions of the densities 
 
 

and the space variable x
C is a bounded function of x which describes the doping prole of the device The system 
   is supplemented by the following initial boundary conditions
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On the perfectly conducting boundary 
D
the tangential component of the electric eld must
vanish which is expressed by boundary condition  while on 
N
the tangential component of
H and the normal component of E are prescribed by  and 	
The initial boundary data must satisfy the following compatibility conditions
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 and 	 are not independent since  implies at
least formally
 
t
   
t
n  E  n   curl H  j
 
 j

  n  curl H

on IR 
N

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has to be required Now if  EH is a solution of the equations   
 and the initial
boundary conditions   and 	    the equations  and the boundary condition 
are automatically fullled for all times t  	 Therefore the following problem will be considered
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Analysis of the drift diusion model for semiconductors has been presented in    

 and  in the case that Maxwells equations     are replaced by Poissons equation
  div rV   
 
  

 C for an electrostatic eld E   rV 
However at very high frequencies the time dependent magnetic eld generates a non curl free
electric eld which cannot be written as the gradient of an electrostatic potential
Therefore Poissons equation has to be replaced by Maxwells equations  
    for the
electromagnetic eld
Global existence of weak solutions EH to problem     with
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and 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	 L

 has been shown in  under the assumption that the mobility
coecents 
k
 the dielectric and magnetic susceptibilities are constant Moreover only the
homogeneous boundary condition n  E  	 has been considered in 
Uniqueness of weak solutions in the two dimensional case is proved in 	
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   belong to L

 and are uniformly positive and
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physically by the so called Einstein relations The recombination term has the form
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In the case of the nonconstant coecients and the inhomogeneous boundary condition  the
L

 estimates for the densities 
k
are obtained by estimating successively L
p
 norms This
iteration technique has also been used in  for the standard drift diusion model involving Pois 
sons equation These estimates yield global existence of weak solutions to     in the third
section of this paper in connection with a priori estimates for the densities in L

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
	 T  L

 which are derived by using the energy 
functional
Et 
Z


X
k 
Z

k
t x
U
k
x
ln
s
U
k
x
dsdx


Z

xjEt xj

 xjht xj

dx 
The main part of this paper is the investigation of the asymptotic behavior of weak solutions
for t 
  in the fourth section For this purpose it is assumed that the device is in thermal

eqilibrium on the ohmic contacts 
D
 that means that U
D
 
U
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In the fourth section it is shown that the densities 
k
are globally bounded and uniformly positive
on 	   and that the electromagnetic eld Eh belongs to L

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Moreover it is shown that if H

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satisfy suitable decay assumptions for t 
  the
densities 
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converge to the carrier distributions U
k
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 Notation assumptions and preliminary results
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The recombination term R has the form
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As in  the following function spaces are used
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In order to prove global existence to  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A modication of the proof given in  shows that   admits a weak solution Eh
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
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For example as in  existence of a weak solution to     can be proved by using the
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n
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
 
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n
u
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
 Note that in  the assumption that   
k
are constant is
only used for the proof of the M independent L

 estimates for the densities
This restrictive assumption is removed in this paper by using an iteration techniqe similar to

Lemma  Let Eh be a weak solution to    
Then one has for all 	  H
  
d
dt
Z

Et  r	dx 
Z

j
 M
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  M
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
t  r	dx
If 	  Y  then
Z

Et  r	dx 
Z
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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Z


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t  

t  C	dx
This is the weak formulation for div E  
 
  

C and n  E   for x  
N
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Proof  Let 	  H
  

w
def
 Eh is a weak solution of the Maxwell system ie it obeys
wt  exp tBE

h

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Z
t

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t  sBfds 
with
f
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 
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j
 M
  j
  M
 curl H

  
t
H


By lemma  we have   r	 	 	 	  ker B and therefore  yields
Z

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
Z
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Z
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
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j
 M
  j
  M
 curl H

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Hence
d
dt
Z

E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Z

j
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
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In order to prove the second assertion let 	  Y  H
  

Then 
 
	 
 and  
 yield
Z
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
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Z
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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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Z
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 Aprioriestimates
In this section estimates for solutions to     are given
Estimates for  in L

	 T  L

 and for Eh in L

	 T  L

 T  	 are proved which
yield in particular the global existence of solutions to   
since they are independent of M 
Theorem  Let T  	
Then there exists a constant C
T
 	 such that for all M  	 every weak solution to 
   the esimate
jjtjj
L
 

 jjEthtjj

X

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T
holds for all t  	 T 
Proof 
Let
h
M
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
Then h

M
u
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
 
min fu Mg

Let U
k
W
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 be uniformly positive extensions of U
D
k
dened on  For   	 the following
energy functional is dened
E

t
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 
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
X
k 
Z

Z

k
t x
U
k
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h
M
s   lnU
k
x  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


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Eth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
X

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Since Eh solves the Maxwell system the variation of constant formula yields
Etht  exp tBE

h

 
Z
t

exp t  sBfsds
with f
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 
 
j
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t  ht   
t
H

tdx
Since h
M

k
t     lnU
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U
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X
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In the previous estimates c

 	 C
j
 	 are independent of EhM  t Now  
yield
E
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
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
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X
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Z

R
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h
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
k
    lnU
k
 dx
for all t  	 T  with some C

 	 independent of Eh  Next we pass to the limit
 
 	 Let T  	
By 	 there exists a constant C
M T
 	 independent of Eh  such that
E


t  C
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
 E
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Since   C	 L

 if follows
E
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t
 Et 

for  
 	 locally uniformly on 	 Now it follows from 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
E
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X
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R
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h
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
 L
 
	 T 
Next the last term in 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Z
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h
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Z
u

U

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h
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for all x   u  	

 Now it follows from  
 and 
E

t  C

  f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
 E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tjj
L
 
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  ft

 Et 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with some C
	
 	 independent ofMEh t Finally the assertion follows from Gronwalls
lemma  and 
 
Next L

a priori estimates for the densities are given
Theorem  Every solution Eh of     obeys
  L

loc
	 L


and
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L

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
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
with some C  	 independent of MT Eh and with   max f	
p
 

p
 

g
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Proof  It is shown by induction that for all n  IN

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n

k
 L

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	 L
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
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
k
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
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and the following recursive estimate
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
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
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
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n
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For N  A
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 jjU jj

the following functions are dened
h
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h
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By using the L
p
 interpolation inequality and the embedding H
 
 
 L
	
 again it follows
from  since   	
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X
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
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
X
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
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p
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
X
k 
Z



k
g
N

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	dx 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p


g
N
u
 max fuAg
p
  pA
p 
u G
N
u
 max fuAg
p

for N 
  and  yield by letting N 


p
k
 L

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	 L
 
 
p
k
 L

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	H
 
 	
Now it follows from     and 	 with m
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 c

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mt
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X
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Z



k
g
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
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Z
t

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X
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Z


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k
g
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
k
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
Z
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X
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k
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p
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jjE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X
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and hence by letting N 


X
k 
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p
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L
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  pA
p 
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
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C
p
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C
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p
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jjE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L
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X
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s t
jj
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 

By Holders inequality there exists a constant C  	 with
qA
q 
jjujj
L
 
 C
q
 jju
q
jj

L
 
for all q   u  L
q

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
X
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p
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p
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X
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
with some constant C
  
 	 independent of Eh p
Recall that p  
n

Let T  	 and

n
def
   sup
t T 
jjEtjj
L

 
n


X
k 
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t T 
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
n

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L
 
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
n
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
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n

C
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n

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  

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



X
k 
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k
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
L
 
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
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 
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
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 C
  

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

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n

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
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Now 
n
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 max f C
 
 


n

n
g obey the recursive estimate

n
   C
 

n
n


n 
and hence

n
 C
 




with some constant C
 
 	 independent of Eh n
By the denition of 
n
 
n

 implies
lim
n
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t T 
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k
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L

n

   sup
t T 
jjEtjj
L
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

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n

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n

n
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 
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t T 
jjEtjj
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
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n

n
 C
 
C
 


  sup
t T 
jjEtjj
L
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
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t T 
jjE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L



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t T 
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tjj
L
 
Therefore the estimate is proved
 
Now it follows from the previous theorems that for arbitrary large T  	 there exists some
M
T
 	 such that every weak solution Eh to     obeys
  L

	 T  L

 and jjjj
L

 T  L


M
T

Hence if Eh is a weak solution to     whose existence is shown in section  with
M M
T
 it follows from  that it is actually a solution to    
Therefore the following theorem is proved
Theorem  Problem 		
   	 admits a weak solution Eh with
  L

loc
	 L

 and Eh  C	 X


Next it is shown that the densities are strictly positive
For this purpose it is assumed in the sequel that in addition to  
k 
is uniformly positive
i e

k 
 a with some a  	 
Theorem  Suppose Eh is a solution to 		
   	 and T  	 such that
  L

	 T  L

 and Eh  L

	 T  X


Then ess inf
 T 
t x  	
Here T   is allowed
Proof 
The assertion will be proved by estimating sucessively L
p
 norms of
 
k
in a similiar way as in
the previous theorem With a  	 as in  the following functions are dened for   	 p  
h
	 p
u   pmin fu  ag
p 
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p 
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
g
	 p
u  min fu  ag
p
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p 
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The estimates hold
h

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d
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


and g
	 p
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p
hold
Now let Eh be a solution to     and T  	 such that
  L

	 T  L

 Eh  L

	 T  X

 

Since 
k
 U
D
k
 a on 	 T   
D
one has h
	 p

k
  L

	 T  Y  Hence the parabolic
equations  and  yield
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X
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
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Z
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k
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Since  is asumed to be uniformly bounded by  there exists a constant c  	 independent
of  p such that R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 	 if 
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 c or 
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 c
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P

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
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Next it is shown that there exists some p
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Z

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
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
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g
	 p
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
Next it is shown inductively by using 	 	 that

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n
p
 
k
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
	 T  L
 
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
Suppose 	 holds for some n  IN

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n
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 
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X
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Z



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
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d
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
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c

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c
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n
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G
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n
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
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n
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


n
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n

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
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	 independent of n By letting 
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
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
n
 
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n
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


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By the same argument as in the proof of the previous theorem it follows from  that
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
X
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
n
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

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n
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Hence min f
k
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 L

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
 and the assertion is proved
Corollary  Every solution Eh 		
   	 obeys
ess inf
 T 
t x  	 for all T  	

 Convergence to thermal equilibrium for t 
In this section it is assumed in addition to   
	 and 
 that
curl H

  
t
H

 L
 
	 L

	 L

 

and jj   

jj
L


 L

	 

with some 

 L
p

 
Moreover U
D
 H
 

 ie U
D
is constant on every conncected component of 
D
 This condition
is reasoable from the physical point of view since in thermal equilibrium the Fermi potential is
constant on 
D
and the electric potential 	 is constant on every conncected component of 
D

Let 	
e
 H
 

 U
 
 U

 H
 
 	 L

 be solutions of the following system
r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 
k
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 
U
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
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
and for all 	  Y
 
Z

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e
r	dx 
Z

N


	dS  
Z

U
 
  U

 C	dx 

These are the stationary drift diusion equations in thermal equilibrium Existence of solutions
to the system 

 
 has been shown in 
The aim of the following considerations is to show that lim
t
jjt   U jj
L
p

 	 for every
solution Eh to the system    and every p   Firsty some global in time
estimates are given In the sequel Eh is an arbitrary solution to the system    with
the properties
  U
D
 L

loc
	 L

 	 L

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	 Y  and Eh  C	 X


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
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
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
k
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k
 L
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	 L
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Proof 
Suppose that Eh is a solution to the system    The following energy functional is
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By corollary  
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t is bounded and uniformly positive for xed t  	
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 one has r	
e
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e
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Finally exponential convergence the thermal equilibrium for t 
  is obtained from lemma 
and the previous theorem
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